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CONTACTING SPHERES IN POSITIVE CHARACTERISTIC AND
APPLICATIONS
DOOWON KOH AND THANG PHAM
ABSTRACT. In this paper, we provide a quantitative improvement of a recent result given
by Zahl (2020) on the number of pairs of contacting oriented spheres in the setting of
finite fields. Our result is sharp up to a constant factor. As applications, we partially solve
a question raised by Iosevich, and obtain several new results on point-sphere incidence
problem and on a sum-product type estimate.
1. INTRODUCTION
Let F be a field in which −1 is not a square. We assign each quadruple (c1, c2, c3, r) ∈ F
4
with the oriented sphere, denoted by S(c1, c2, c3, r), defined by the equation
(x− c1)
2
+ (y− c2)
2
+ (z− c3)
2
= r2.
We say that two oriented spheres S(c1, c2, c3, r1) and S(c′1, c
′
2, c
′
3, r2) are in contact if
(c1− c
′
1)
2
+ (c2− c
′
2)
2
+ (c3− c
′
3)
2
= (r1− r2)
2.
In the real numbers and spheres of non-zero radii, this notation means that if r1 and r2
have the same sign, then two spheres are internal tangent, otherwise, the spheres are
external tangent.
In a recent paper, Zahl [28] studied the following question which has a very important
application on the Erdo˝s repeated distances problem: Given a set S of oriented spheres
in F3, how many pairs of spheres can be in contact?
In order to state results from [28], we need the following definitions. Let C and C′ be
two sets of oriented spheres with |C|, |C′| ≥ 3, we say that the pair (C, C′) is a pair of
complimentary conic sections, if each sphere in one set is in contact with all spheres in
the other, no two spheres in either C or C′ are in contact, and no additional spheres can
be added to C or C′ to maintain the contacting property.
Given a set S of oriented spheres and k ∈ N, we say that a set B of oriented spheres is
k-rich pencil with respect to S if |B∩S| ≥ k and any two spheres in B are in contact.
2010Mathematics Subject Classification. 52C10, 42B05, 11T23 .
1
2 DOOWON KOH AND THANG PHAM
Using a structure theorem for sets of lines in three dimensions that determine many
2-rich points in [6], Zahl [28] proved the following theorem.
Theorem 1.1. Let F be a field in which −1 is not square. Let S be a set of n oriented
spheres in F3. If F has positive characteristic, then we assume in addition that |S| ≤
char(F)2. Then, for 3 ≤ k ≤ n, there are O(n3/2k−3/2) k-rich pencils of contacting spheres.
Furthermore, at least one of the following statements is true:
(1) There is a pair of complimentary conic sections C and C′ such that each contains at
least n1/2 spheres from S.
(2) There are O(n3/2) 2-rich pencils of contacting spheres in S.
As an application of this theorem, the author of [28] obtained a new bound for the Erdo˝s
repeated distances problem in F3, namely, for any set P ⊂ F3, with |P| ≤ char(F)2 in pos-
itive characteristic, there are at most O(n3/2) pairs of points in P of a given square dis-
tance. In the case of arbitrary closed field, Rudnev [24] showed that the threshold n3/2
can be replaced by n1.6 under the condition |P| ≤ char(F)4/3. Rudnev’s result also holds
for non-square and zero distances.
Notice that Theorem 1.1 does not give us any quantitative and unconditional upper bound
on the number of pairs of contacting spheres in S.
Throughout this paper, we use X ≪ Y or X =O(Y ) if X ≤ cY for some positive constant
c, and X ∼Y if X≪Y and Y ≪ X .
In the setting of the real numbers, with additional incidence bounds, a stronger statement
has been derived in [28].
Theorem 1.2. Let S be a set of n oriented spheres in R3. Suppose that no pencil of con-
tacting spheres is n1/2-rich, then at least one of the following statements is true:
(1) There is a pair of complimentary conic sections C and C′ such that each contains at
least n1/2 spheres from S.
(2) There are O(n3/2) pairs of contacting spheres.
Let Fp be a prime field of order p. The main purpose of this paper is to give a quantitative
improvement of Theorem 1.1 in the setting of arbitrary finite fields by using the discrete
Fourier analysis.
Before stating our results, we start with an observation. For any n ≤ p, there is a set S
of n oriented spheres in F3p such that S forms a single n-rich pencil, i.e. any two spheres
in S are in contact. Indeed, let S be the set of spheres of the form S(0,0, c, c) with c ∈ Fp.
It is clear that any two spheres in S are in contact, so any subset of S forms a single rich
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pencil. This construction tells us that there exist sets S of size arbitrary smaller than p
in F3p with |S|
2 pairs of contacting spheres, or equivalently there is only one 2-rich pencil
of contacting spheres in S. Thus, the trivial upper bound |S|2 is sharp in the case |S| ≤ p.
In the case p≪ |S| ≪ p2 = char(Fp)2, we are able to show that the number of pairs of
contacting spheres in S is O(|S|2−ε) for some ε> 0.
The following is a universal bound, which is easy to derive. For the completeness, we will
include a proof in the Appendix. This theorem holds without any condition on p or d.
Theorem 1.3. Let S be a set of oriented spheres in Fdp. Let N(S) be the number of pairs of
contacting spheres in S, then we have∣∣∣∣N(S)− |S|2p
∣∣∣∣≤ p d+12 |S|.
It follows from this theorem that when |S| is large enough, namely, |S| ≥ p
d+3
2 , then N(S)
is close to the expected value |S|2/p. In three dimensions, we have the upper bound
p−1|S|2 + p2|S|. In our main theorem below, we show that the upper bound in three
dimensions is actually much smaller, precisely, the term p2|S| in the universal bound can
be replaced by p|S|.
Theorem 1.4 (main result). Let S be a set of oriented spheres in F3p with p ≡ 3 mod 4.
Let N(S) be the number of pairs of contacting spheres in S, then we have
N(S)≤
|S|2
p
+ p|S|−
|S|2
p2
.
Notice that this theorem is sharp up to a constant in the sense that there are sphere sets
S in F3p such that the upper bound is attained. A construction will be given in Section 5.
We also remark that the condition p ≡ 3 mod 4 will guarantee that −1 is not a square
number in Fp.
The following is a consequence of Theorem 1.4.
Corollary 1.5. Let S be the set of oriented spheres in F3p with p≡ 3 mod 4.
(1) Suppose that p1+ε ≤ |S| ≤ p2 for some ε > 0, then S determines O(|S|2−
ε
1+ε ) pairs
of contacting spheres. Furthermore, if |S| ∼ p2, then there are O(|S|3/2) pairs of
contacting spheres in S.
(2) Suppose that |S| ≥ p2, then there are O(|S|2p−1) < O(|S|2−
1
4 ) pairs of contacting
spheres in S.
The second inequality of Corollary 1.5 (2) follows from the fact that |S| ≤ p4. As we have
seen before, the condition |S| ≥ p1+ε is necessary, otherwise the trivial upper bound |S|2
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is sharp. It follows from Construction 5.3 in Section 5 that the upper bound of Corollary
1.5 (2) can not be improved. In the case |S| < p, we know that the trivial upper bound
|S|2 is sharp, thus in order to get a non-trivial exponent, one would need to have some
more constraints on structures of the set S, for instance, as in the real case Theorem 1.2,
any pencil contains a small number of spheres compared to the size of S. We will address
this problem in future work.
The main method in our proof of Theorem 1.4 is based on the discrete Fourier analysis,
more precisely, we will reduce our problem to an exponential sum in which the cone
Fourier transforms in one higher dimensional space will play the crucial role. We will see
in Section 2 that compared to other dimensions, the cone Fourier transforms take small
real numbers. This unusual good aspect has several important applications, for instance,
a solution for the cone restriction problem in four dimensions [14].
If |S| ≥ 2p3, then it follows from Theorem 1.3 that N(S) ∼ p−1|S|2. It is clear from The-
orem 1.4 that N(S)≪ p−1|S|2 when |S| ≥ p2. Therefore, it is natural to ask whether
N(S)≫ p−1|S|2 for any S in the range p2 ≤ |S| < 2p3. The following simple example
shows that it is not possible. Indeed, let S be the set of oriented spheres of the form
S(a,b, c, c) with (a,b) ∈ E ⊂ F2p,a,b 6= 0 and c ∈ A ⊂ Fp, for some given sets E and A.
Since p ≡ 3 mod 4, the equation x2+ y2 = 0 has unique solution (x, y) = (0,0). Thus, two
spheres S(a,b, c, c) and S(a′,b′,d,d) are in contact iff a = a′,b = b′. This implies that
the number of pairs of contacting spheres is |E||A|2 which will be much smaller than
p−1|S|2 = p−1|E|2|A|2 whenever |E| is much larger than p. Hence, one can choose sets E
and A arbitrary such that |E| > p and p2 ≤ |S| = |E||A| ≤ p3.
We also note that our method can be extended to arbitrary finite fields Fq where q is an
odd prime power and also to higher dimensional vector spaces. In particular, we have the
following extension in the space Fdq .
Theorem 1.6. Let S be a set of oriented spheres in Fdq . Let N(S) be the number of pairs of
contacting spheres in S.
(1) If d = 4k+3 for some k ∈N and q≡ 3 mod 4, then we have
N(S)≤ q−1|S|2+ q
d−1
2 |S|− q−
d+1
2 |S|2.
(2) If d = 4k+3 for some k ∈N and q ≡ 1 mod 4, or d = 4k+1 for some k ∈N, then we
have
N(S)≤ q−1|S|2+ q
d+1
2 |S|− q
d−1
2 |S|.
(3) If d ≥ 2 is even, then we have N(S)≤ q−1|S|2+ q
d
2 |S|.
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It is clear that Theorem 1.4 is a special case of Theorem 1.6 (1) with d = 3. As in three
dimensions, there also exist sphere sets S such that the upper bounds of Theorem 1.6 are
attained. Such configurations will be provided in the last section.
The following result is a direct consequence of Theorem 1.6.
Corollary 1.7. Let S be a set of oriented spheres in Fdq . Let N(S) be the number of pairs
of contacting spheres in S.
(1) Suppose d = 4k+3 for some k ∈N and q≡ 3 mod 4. If q
d−1
2 +ε ≤ |S| ≤ q
d+1
2 for some
ε> 0, then we have N(S)=O(|S|2−
2ε
d−1+2ε ).
(2) Suppose d = 4k+3 for some k ∈N and q≡ 1 mod 4, or d = 4k+1 for some k ∈N. If
q
d+1
2 +ε ≤ |S| ≤ q
d+3
2 for some ε> 0, then we have N(S)=O(|S|2−
2ε
d+1+2ε ).
(3) Suppose d ≥ 2 is even. If q
d
2+ε ≤ |S| ≤ q
d+2
2 for some ε > 0, then we have N(S) =
O(|S|2−
2ε
d+2ε ).
1.1. Applications. We now discuss applications of Theorem 1.6 in some various prob-
lems.
Erdo˝s repeated distances problem over finite fields and a connection to restric-
tion theory: For any point x ∈ Fdq , define ||x|| = x
2
1+·· ·+ x
2
d
. Let P be a set in Fdq . For any
t ∈ Fq \ {0}, let U(t) be the number pairs (x, y) ∈ P ×P such that ||x− y|| = t. By using a
Kloosterman sum, Iosevich and Rudnev [13] proved the following bound for U(t)∣∣∣∣U(t)− |P|2q
∣∣∣∣≪ q d−12 |P|,
which is sharp in odd dimensions.
It has been asked by Iosevich that under what conditions on q and d one can prove this
estimate without the help of Kloosterman sums?
The main motivation of this question comes from the L2 restriction problem for spheres
in Fdq and its connection to the Erdo˝s-Falconer distance conjecture. More precisely, com-
pared to the L2 restriction problem for paraboloids [12, 17, 25], that of spheres seems
much complicated. This is because while the L2 for paraboloids can be linked to Gauss
sums, the spherical problem is closely related to Kloosterman sums whose explicit forms
are not known. We also know that there is a two-way connection between the distance
problem and the L2 spherical restriction problem of characteristic functions. We refer the
interested reader to [3, 11, 15] for more discussions. Thus, if there is a positive answer for
Iosevich’s question, then there will be a way to handle the spherical restriction problem
without using Kloosterman sums.
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Theorem 1.6 tells us that we are able to cover the upper bound of U(t) in the case t is
square number and q,d satisfy conditions as in Theorem 1.6 (1). The most interesting
aspect compared to the work of Iosevich and Rudnev is that in the proof of Theorem 1.6,
we can avoid the Kloosterman sum, and only the explicit form of a Gauss sum is required.
To see how Theorem 1.6 implies the upper bound ofU(t), we set S being the set of oriented
spheres corresponding to tuples (p1, . . . , pd, r) where (p1, . . . , pd) ∈ P and r ∈ {t
1/2,0}, then
we have |S| = 2|P| andU(t)<N(S).
A point-sphere incidence bound: Let P be a set of points in Fdq and S be a set of
oriented spheres in Fdq . Let I(P,S) be the number of incidences between P and S, namely,
I(P,S)= # {(p, s) : p ∈ s, p ∈ P, s ∈ S} .
It has been proved in [4, 20] that
(1.1)
∣∣∣∣I(P,S)− |P||S|q
∣∣∣∣≤ q d2 (|P||S|)1/2.
In a recent paper, the authors and Lee [14] obtained sharp incidence bounds for small
sets of spheres by using restriction estimates for cones in two higher dimensional vector
spaces. More precisely, they proved the following result.
Theorem 1.8. Let P be a set of points in Fdq and S be a set of spheres in F
d
q .
(1) If d ≡ 2 mod 4, q≡ 3 mod 4, and |S| ≤ q
d
2 , then we have∣∣I(P,S)− q−1|P||S|∣∣≪ q d−12 |P| 12 |S| 12 .
(2) If d is even and q ≡ 1 mod 4, or d ≡ 0 mod 4, then the same conclusion holds
under the condition |S| ≤ q
d−2
2 .
(3) If d ≥ 3 is odd, then the same conclusion holds under the condition |S| ≤ q
d−1
2 .
In the dimension d = 4k+3 for some k ∈N and q≡ 3 mod 4, as an application of Theorem
1.6, we have the following incidence bound which improves the upper bound of (1.1), and
strengthens partially Theorem 1.8 (3) in the case |S| ≥ q
d−1
2 . We also remark here that
Theorem 1.8 and (1.1) not only hold for oriented spheres but also for spheres defined by
the equation (x1− c1)2+·· ·+ (xd− cd)
2 = r for some non-square r.
Theorem 1.9. Let P be a set of points and S be a set of oriented spheres of arbitrary radii
in Fdq . Suppose that d = 4k+3 for some k ∈ N and q ≡ 3 mod 4. If |P|, |S| ≤ N, then we
have
I(P,S)≪ q−1N2+ q
d−1
2 N−N2q−
d+1
2 .
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Corollary 1.10. Let P be a set of points and S be a set of oriented spheres of arbitrary
radii in F3q with q≡ 3 mod 4. If |P| = |S| ∼ q
2, then we have
I(P,S)≪|P|3/4|S|3/4.
The exponent of this corollary is the same as that of Zahl in [27] in R3 with an additional
assumption that no three spheres meet a common circle.
To prove Theorem 1.9, let S1 be the set of oriented spheres corresponding to tuples (p,0)
where p ∈ P, then we apply Theorem 1.6 (1) for the set S∪S1. It is clear that |S∪S1| ≤ 2N,
and we get the desired upper bound. We also note that the upper of Theorem 1.9 is also
sharp, a construction will be given in the last section.
A sum-product type estimate: For A ⊂ Z, the sum and product sets corresponding to
A are defined as follows A+ A := {a+ b : a,b ∈ A} and A · A := {a · b : a,b ∈ A}. The sum-
product problem asks for the largest lower bound of the quantity max{|A+ A|, |A ·A|} for
arbitrary set A ⊂Z.
Erdo˝s-Szemerédi [5] proved that there is a universal constant c> 0 such that
max{|A+A|, |A ·A|} ≥ |A|1+c.
The constant c has been made explicitly and improved in recent years. In particular,
Rudnev, Shkredov, and Stevens [23] recently proved that c≥ 13 +
1
1509 . It has been conjec-
tured that the lower bound should be at least |A|2−ǫ for any ǫ> 0. While this problem is
still wide open, the finite field analogue for large sets has been solved by Garaev [7] by
using the discrete Fourier analysis. More precisely, Garaev [7] proved that
• If |A| ≥ q2/3, then we have
(1.2) max{|A+A|, |A ·A|}≫ q1/2|A|1/2.
• If q1/2 ≤ |A| < q2/3, then we have
(1.3) max{|A+A|, |A ·A|}≫
|A|2
q1/2
.
It has been indicated that in the range |A| ≥ q2/3, the threshold q1/2|A|1/2 is optimal in
the sense that there exist sets A ⊂ Fq of arbitrary size such that max{|A+ A|, |A · A|}≪
q1/2|A|1/2. We refer the interested reader to [7] for more details. When the size of A
is small, the lower bound (1.3) has been improved over prime fields, namely, Rudnev,
Shakan, and Shkredov [22] obtained the lower bound |A|11/9 in the range |A| ≤ q18/35,
where q is a prime, which is the current best result. In the setting of arbitrary finite
fields, Li and Roche-Newton [16] proved that if |A∩ cG| ≤ |G|1/2 for any subfield G and
any c ∈ F∗q, then max{|A+A|, |A ·A|}≫|A|
12/11.
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The lower bounds (1.2) and (1.3) not only hold for the sum-product problem, but also hold
for other estimates, for instance, using the fact that the function f (x) = x2 is a Sidon
function, a result of Solymosi [26] says that
• If |A| ≥ q2/3, then we have
(1.4) max{|A+A|, |A2+A2|}≫ q1/2|A|1/2.
• If q1/2 ≤ |A| < q2/3, then we have
(1.5) max{|A+A|, |A2+A2|}≫
|A|2
q1/2
.
The same also holds for functions with low multiplicity in the work of Hegyvári and
Hennecart [9, Theorems 2.2 and 2.3]
Based on existing techniques, it seems that the problem of determining the sharp lower
bound for sum-product type problems for sets A in an arbitrary finite field with q1/2 ≤
|A| ≤ q2/3 is difficult.
In this paper, we make a step toward this question, namely, we study the problem of
max{|A+A|, |A2+A2+A2|}. We will see in the next theorem that to improve results, which
can be derived by using usual methods, the condition q≡ 3 mod 4 is very important. Our
proof mainly relies on the new point-sphere incidence bound in Theorem 1.9.
We first state an easy bound which can be obtained by applying Garaev’s argument. For
the sake of completeness, we will include a proof in the Appendix.
max
{
|A+A|, |A2+A2+A2|
}
≫min
{
q1/3|A|2/3,
|A|7/3
q2/3
}
,
which implies that
(1.6) max
{
|A+A|, |A2+A2+A2|
}
≫
|A|7/3
q2/3
,
when |A| is small, i.e. q1/2 ≤ |A| ≤ q3/5.
The following is our improvement.
Theorem 1.11. Let A be a set in Fq with q ≡ 3 mod 4 and |A| ≫ q1/2. We have at least
one of two following statements:
(1) |A+A| ≥min{q2/3, |A|4/3}.
(2) |A2+A2+A2|≫ q−1|A|3.
The following corollary is a direct consequence of Theorem 1.11.
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Corollary 1.12. Let A be a set in Fq with q≡ 3 mod 4 and q
1/2≪|A|≪ q5/9. We have
max
{
|A+A|, |A2+A2+A2|
}
≫
|A|3
q
.
2. DISCRETE FOURIER ANALYSIS AND PRELIMINARY LEMMAS
As a main tool to prove our theorems, we will utilize the discrete Fourier analysis. Here
we review it. Let f be a complex valued function on Fnq . The Fourier transform f̂ of f is
defined by
f̂ (m) := q−n
∑
x∈Fnq
χ(−m · x) f (x),
where χ denotes the principle additive character of Fq. The Fourier inversion theorem
states that
f (x)=
∑
m∈Fnq
χ(m · x) f̂ (m).
The orthogonality of the additive character χ says that∑
α∈Fnq
χ(β ·α)=
{
0 if β 6= (0, . . .,0),
qn if β= (0, . . .,0).
As a direct application of the orthogonality of χ, we obtain∑
m∈Fnq
| f̂ (m)|2 = q−n
∑
x∈Fnq
| f (x)|2,
which is referred as the Plancherel theorem.
For example, it follows from the Plancherel theorem that for any set E in Fnq,∑
m∈Fnq
|Ê(m)|2 = q−n|E|.
Here, and throughout this paper, we identify a set E with the indicator function 1E on E.
Throughout this paper, we denote by η the quadratic character of Fq with a convention
that η(0)= 0.
For a ∈ F∗q, the Gauss sum Ga is defined by
Ga :=
∑
s∈F∗q
η(s)χ(as),
which can be written as
Ga =
∑
s∈Fq
χ(as2)= η(a)G1.
The absolute value of the Gauss sum Ga is exactly q1/2.Moreover, the explicit form of the
Gauss sum G1 is provided in the next lemma.
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Lemma 2.1 ([18], Theorem 5.15). Let Fq be a finite field with q = pℓ, where p is an odd
prime and ℓ ∈N. Then we have
G1 =
{
(−1)ℓ−1q
1
2 if p≡ 1 mod 4
(−1)ℓ−1 iℓq
1
2 if p≡ 3 mod 4.
As a direct corollary of the above lemma, we have the following result which will be used
repeatedly in proving our results.
Corollary 2.2. Let η be a quadratic character of F∗q, and n be a positive integer.
(1) If n≡ 0 mod 4 and q≡ 3 mod 4, then η(−1)Gn1 =−q
n
2 .
(2) If n≡ 0 mod 4 and q≡ 1 mod 4, or n≡ 2 mod 4, then η(−1)Gn1 = q
n
2 .
Proof. Case 1: Assume that n ≡ 0 mod 4 and q ≡ 3 mod 4. Then −1 is not a square
number in Fq, namely, η(−1) = −1. It is clear from Lemma 2.1 that Gn1 = q
n/2 for n ≡ 0
mod 4. Thus the first part is proved.
Case 2: Let us assume that n≡ 0 mod 4 and q ≡ 1 mod 4. Then −1 is a square number,
i.e., η(−1)= 1, and Gn1 = q
n/2 by Lemma 2.1. Hence, we get η(−1)Gn1 = q
n
2 , as required. On
the other hand, let n≡ 2 mod 4. Then n−2≡ 0 mod 4 and so Gn−21 = q
(n−2)/2. It is not hard
to check that Lemma 2.1 implies that G21 = η(−1)q. Hence, G
n
1 = η(−1)qG
n−2
1 = η(−1)q
n/2.
Hence, we have η(−1)Gn1 = q
n/2, which finishes the proof of the second part. 
Completing the square and using a change of variables, the following formula is easily
obtained: for a ∈ F∗q and b ∈ Fq,
(2.1)
∑
s∈Fq
χ(as2+bs)= η(a)G1χ
(
b2
−4a
)
.
We will often use this formula which will be named the complete square formula. The
discrete Fourier analysis is very useful in estimating the cardinality of a specific set
satisfying certain conditions. For instance, we have the following formula.
Lemma 2.3. For a polynomial Q ∈ Fq[x1, . . . , xn], define a variety V as
V := {x ∈ Fnq :Q(x)= 0}.
If E is a subset of Fnq, then the number of pairs (x, y) ∈ E×E such that Q(x− y) = 0 is the
same as
q2n
∑
m∈Fnq
V̂ (m)|Ê(m)|2.
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Proof. Let T be the number of pairs (x, y) with Q(x− y)= 0. Then we have
T =
∑
x,y∈E
V (x− y),
where we recall that we identify the variety V with the indicator function 1V on V . Ap-
plying the Fourier inversion theorem to the function V (x− y), we have
T =
∑
x,y∈Fnq
E(x)E(y)
∑
m∈Fnq
V̂ (m)χ(m · (x− y)).
The lemma follows immediately from the definition of the Fourier transform Ê(m) of the
indicator function on E. 
For a positive integer n≥ 2, we recall that the cone Cn in Fnq is defined by
(2.2) Cn := {x ∈ F
n
q : x
2
n = x
2
1+ x
2
2+·· ·+ x
2
n−1}.
Definition 2.4. Let x= (x1, x2, . . . , xn) ∈ Fnq. We define
||x||Cn := x
2
1+ x
2
2+·· ·+ x
2
n−1− x
2
n.
With this definition, the cone Cn can be rewritten as
Cn = {x ∈ F
n
q : ||x||Cn = 0}.
By a simple linear change of variables, the cone Cn can be transformed to a variety of the
form
C˜n := {x ∈ F
d
q : xn−1xn = x
2
1+·· ·+ x
2
n−2}.
An explicit formula of the Fourier transform on C˜n was given by the authors and Lee
in [14]. By the same argument, the Fourier transform for the cone can be also written
in an explicit form. Since the forms of the Fourier transforms of C˜n and Cn are slightly
different, we provide a proof of the coming lemma for the sake of completeness.
Lemma 2.5. Let Cn be the cone in F
n
q defined in (2.2). Then, for any m ∈ F
n
q, we have
(2.3) Ĉn(m)= q
−1δ0(m)+ q
−n−1η(−1)Gn1
∑
s 6=0
ηn(s)χ
(
||m||Cn
−4s
)
.
In particular, we have the followings:
(1) If n= 4k for some k ∈N, and q≡ 3 mod 4, then we have
Ĉn(m)=
{
q−1δ0(m)− q−
n
2 + q−
(n+2)
2 if m ∈Cn
q−
(n+2)
2 if m ∉Cn.
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(2) If n= 4k for some k ∈N and q≡ 1 mod 4, or n= 4k+2 for some k ∈N, then we have
Ĉn(m)=
{
q−1δ0(m)+ q−
n
2 − q−
(n+2)
2 if m ∈Cn
−q−
(n+2)
2 if m ∉Cn.
(3) If n≥ 3 is odd, then we have
Ĉn(m)= q
−1δ0(m)+ q
−n−1η(‖m‖Cn)G
n+1
1 ,
where we use the convention that η(0)= 0.
Proof. We follow the standard argument to deduce the Fourier transform on a variety. By
the definition and the orthogonality of χ, we have
Ĉn(m)= q
−1δ0(m)+ q
−n−1
∑
x∈Fnq
∑
s 6=0
χ
(
s(x21+·· ·+ x
2
n−1− x
2
n)
)
χ(−x ·m)
= q−1δ0(m)+ q
−n−1
∑
s 6=0
∑
xn∈Fq
χ(−sx2n−mnxn)
n−1∏
j=1
∑
x j∈Fq
χ(sx2j −m jx j).
By the complete square formula (2.1), we obtain (2.3) which states that
Ĉn(m)= q
−1δ0(m)+ q
−n−1η(−1)Gn1
∑
s 6=0
ηn(s)χ
(
||m||Cn
−4s
)
.
We consider the following three cases to complete the proof.
Case 1: Suppose that n= 4k for some k ∈N, and q≡ 3 mod 4. Then ηn ≡ 1 and η(−1)=−1.
Recall that η(−1)Gn1 =−q
n/2 by Corollary 2.2 (1). We have
Ĉn(m)= q
−1δ0(m)− q
−n−1qn/2
∑
s 6=0
χ
(
||m||Cn
−4s
)
.
Thus, the first part (1) of the lemma follows by the orthogonality of χ.
Case 2: Assume that n= 4k for some k ∈N and q≡ 1 mod 4, or n= 4k+2 for some k ∈N.
By Corollary 2.2 (2), one can easily check that η(−1)Gn1 = q
n/2. Hence, the same argument
as in Case 1 gives the statement of the second part (2) of the lemma.
Case 3: Suppose that n≥ 3 is an odd integer. Since ηn = η, it follows
Ĉn(m)= q
−1δ0(m)+ q
−n−1η(−1)Gn1
∑
s 6=0
η(s)χ
(
||m||Cn
−4s
)
.
If ||m||Cn = 0, then the orthogonality of η gives the third part (3) of the lemma. On
the other hand, if ||m||Cn 6= 0, then the above summation over s 6= 0 is the same as the
quantity η(−1)η(||m||Cn )G1, which follows by a change of variables by letting t =
||m||Cn
−4s .
This completes the proof of the third part (3) of the lemma. 
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3. PROOF OF THEOREM 1.6
Since S is a family of oriented spheres in Fdq , we can view S as a subset of F
d
q × Fq. To
see this, observe that a sphere in Fdq is uniquely characterized by its radius in Fq and its
center in Fdq . Hence, N(S) is the same as the number of pairs (x, y) ∈ S×S such that x− y
is contained in the cone Cd+1. In other words, we have
N(S)=
∑
x,y∈S⊂Fd+1q
Cd+1(x− y).
Using Lemma 2.3 in the case when n= d+1,V =Cd+1, and E = S, we have
N(S)= q2d+2
∑
m∈Fd+1q
Cd+1(m) ∣∣Ŝ(m)∣∣2 .
Case 1: By our assumptions, we have d + 1 ≡ 0 mod 4 and q ≡ 3 mod 4. Hence, with
n = d+1, we can invoke Lemma 2.5 (1) which provides an explicit form of the Fourier
transform on the cone Cd+1. Therefore, using a simple decomposition that
∑
m∈Fd+1q
=∑
m∈Cd+1
+
∑
m∉Cd+1
, we obtain
N(S)= q2d+2
∑
m∈Cd+1
(
q−1δ0(m)− q
−
(d+1)
2 + q−
(d+3)
2
)∣∣Ŝ(m)∣∣2+ q2d+2 ∑
m∉Cd+1
q−
(d+3)
2
∣∣Ŝ(m)∣∣2 .
This can be rewritten as
N(S)= q2d+2
∑
m∈Cd+1
(
q−1δ0(m)− q
−
(d+1)
2
)∣∣Ŝ(m)∣∣2+ q2d+2 ∑
m∈Fd+1q
q−
(d+3)
2
∣∣Ŝ(m)∣∣2 .
Since Ŝ(0, . . . ,0)= q−d−1|S| =
∑
m∈Fd+1q
|Ŝ(m)|2, we have
N(S)= q−1|S|2− q2d+2q−
(d+1)
2
∑
m∈Cd+1
|Ŝ(m)|2+ q2d+2q−
(d+3)
2 q−d−1|S|
≤ q−1|S|2− q2d+2q−
(d+1)
2 q−2d−2|S|2+ q2d+2q−
(d+3)
2 q−d−1|S|.
where the last inequality follows from simple facts that the above second term is nega-
tive and a trivial lower bound of
∑
m∈Cd+1 |Ŝ(m)|
2 is |Ŝ(0, . . .,0)|2 which equals q−2d−2|S|2.
Thus, by a simple algebra, we obtain
N(S)≤ q−1|S|2+ q
d−1
2 |S|− q−
d+1
2 |S|2.
Case 2: Under conditions on d and q, by Lemma 2.5 (2) with n= d+1, we have
N(S)= q2d+2
∑
m∈Cd+1
(
δ0(m)
q
+
1
q
d+1
2
−
1
q
d+3
2
)
|Ŝ(m)|2− q
3d+1
2
∑
m 6∈Cd+1
|Ŝ(m)|2
= q2d+2
∑
m∈Cd+1
(
δ0(m)
q
+
1
q
d+1
2
)
|Ŝ(m)|2− q
3d+1
2
∑
m∈Fd+1q
|Ŝ(m)|2.
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Using the fact that Ŝ(0, . . . ,0)= q−d−1|S| =
∑
m∈Fd+1q
|Ŝ(m)|2, we obtain
N(S)= q−1|S|2+ q
3d+3
2
∑
m∈Cd+1
|Ŝ(m)|2− q
d−1
2 |S|.
Since
∑
m∈Cd+1 |Ŝ(m)|
2 ≤
∑
m∈Fd+1q
|Ŝ(m)|2 = q−d−1|S|, we achieve the conclusion that
N(S)≤ q−1|S|2+|S|q
d+1
2 −|S|q
d−1
2 .
Case 3: Since d is even, d+1 is odd. It follows from Lemma 2.5 (3) with n = d+1 that
|Cd+1(m)| ≤ q− d+22 for any m 6= (0, . . . ,0), and Cd+1(0, . . . ,0)= q−1. Therefore,
N(S)= q2d+2
∑
m∈Fd+1q
Cd+1(m)|Ŝ(m)|2
≤ q−1|S|2+ q2d+2 · q−
d+2
2
∑
m∈Fd+1q
|Ŝ(m)|2
≤ q−1|S|2+ q
d
2 |S|.
This completes the proof of the theorem. 
4. PROOF OF THEOREM 1.11
For a triple (x, y, z) ∈ A× A× A, we say that (x, y, z) is a square triple if x2+ y2+ z2 is a
square, otherwise, we say it is a non-square triple.
For A ⊂ Fq, define A2 := {x2 : x ∈ A}. It is clear that for any A ⊂ Fq, either the number
of square triples or the number of non-square triples in A× A× A is at least |A|
3
2 . If the
number of square triples is at least |A|3/c for some constant c > 2, we say that A is a
square triple type set.
Lemma 4.1. Any set A ⊂ Fq with |A|≫ q
1/2 is square triple type.
Proof. Let SQ(Fq) be the set of non-zero square elements in Fq, and B be the multi-set
defined by B := {x2+ y2 : x, y ∈ A}. We write B for the set of distinct elements in B and∑
b∈B
m(b)2, where m(b) is the multiplicity of b, is the number of quadruples (a,b, c,d) ∈
A× A× A× A such that a2+ b2 = c2+ d2. We denote the number of these quadruples
by E+(A2,A2). One can check that E+(A2,A2)≪ |A|3. We now consider the following
equation
(4.1) xy= a+b,
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where x, y ∈ SQ(Fq),a ∈ A2,b ∈ B. Let M be the number of solutions of this equation.
Since |SQ(Fq)| =
q−1
2 , it follows from Lemma 2.1 in [1] that∣∣∣∣M− |A2||B|(q−1)24q
∣∣∣∣≤ q1/2 ( (q−1)E+(A2,A2)2
)1/2 (
(q−1)|A2|
2
)1/2
.
Thus,M≫ |A|
3(q−1)2
q
if E+(A2,A2)≪ |A|
5
q
, which can be satisfied under the condition |A|≫
q1/2, since E+(A2,A2)≪|A|3.
Observe that for a ∈ A2 and b ∈B, if a+b is a square, then it contributes (q−1)/2 solutions
to the equation (4.1). Hence, the number of triples (a,b, c)∈ A×A×A such that a2+b2+c2
is a square is at least 2M
q−1 . This completes the proof of the lemma. 
We are now ready to prove Theorem 1.11
Proof of Theorem 1.11. If |A+A| ≥ |A|4/3 or |A+A| ≥ q2/3, then we are done. Without loss
of generality, we assume that |A+A| < |A|4/3 and |A+A| < q2/3.
We consider the following equation
(4.2) (x1− y1)
2
+ (x2− y2)
2
+ (x3− y3)
2
= t,
where x1, x2, x3 ∈ A+A, y1, y2, y3 ∈ A, t ∈ (A2+A2+A2)∩SQ(Fq).
Let M′ be the number of solutions of this equation.
By Lemma 4.1, A is a square triple type set, so the number of triples (x, y, z) ∈ A× A× A
such that x2+ y2+ z2 is a square is at least≫ |A|3. For each of those triples, denoted by
(a,b, c), it will contribute |A|3 solutions to the number of solutions of the equation (4.2).
Indeed, tuples with (x1, y1, x2, y2, x3, y3) = (a+ x, x,b+ y, y, c+ z, z) with x, y, z ∈ A satisfy
the equation (4.2). Therefore, M′≫|A|6.
Define P := (A+A)×(A+A)×(A+A)⊂ F3q and S be the set of spheres centered at points in
A×A×A of square radii in A2+A2+A2. We have |P| = |A+A|3 and |S| ≤ |A|3|A2+A2+A2|.
To apply Theorem 1.9 effectively, one has to have the condition |P| ∼ |S|. To this end, we
partition the radius set into m subsets of size |A+A|
3
|A|3
, where m = |A
2+A2+A2||A|3
|A+A|3
> 1 since
otherwise |A+A| ≥ |A|4/3. We denote those radius sets by R1, . . . ,Rm. For 1≤ i ≤m, let S i
be the set of spheres centered at points in A×A×A of square radii in R i. Notice that, for
each i, S i can be an empty set if there is no square element in R i, but what we only need
is an upper bound of S i which is |A+A|3.
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One can check that M′ is bounded by
∑m
i=1 I(P,S i). For each i, applying Theorem 1.9
gives us
I(P,S i)≤
|A+A|6
q
+ q|A+A|3≪ q|A+A|3,
since |A+A| ≤ q2/3. Taking the sum over all i, we achieve
M′ =
m∑
i=1
I(P,S i)≤ q|A+A|
3
·
|A2+A2+A2||A|3
|A+A|3
= q|A2+A2+A2||A|3.
Using the fact that M′≫|A|6 leads to
|A2+A2+A2|≫
|A|3
q
.
This completes the proof of the theorem. 
5. SHARPNESS OF RESULTS
Let V be a set of vectors in Fdq . Suppose that V = {v1, . . . ,vk}. We say that vectors in V are
mutually orthogonal if vi ·v j = 0 for any 1≤ i, j ≤ k. The following lemma was given in [8].
Lemma 5.1. If d = 4k with k ∈N, then there always exist d/2mutually orthogonal vectors.
If d = 4k+2 and q≡ 1 mod 4, then there also exist d/2mutually orthogonal vectors.
The sharpness of Theorem 1.6 is provided in the following constructions.
Construction 5.2. For any set of spheres in Fdq , denoted by S, let N(S) be the number of
pairs of contacting spheres in S.
(1) If d = 4k+3 for some k ∈N and q≡ 3 mod 4, then there exists a set S of spheres such
that |S| = q
d−1
2 and N(S)= q
d−1
2 |S|. Moreover, for any S′ ⊂ S, we have N(S′)= |S′|2.
(2) If d = 4k+3 for some k ∈ N and q ≡ 1 mod 4, or d = 4k+1 for some k ∈ N, then
there exists a set S of spheres such that |S| = q
d+1
2 and N(S) = q
d+1
2 |S|. Moreover,
for any S′ ⊂ S, we have N(S′)= |S′|2.
(3) If d ≥ 2 is even, then there exists a set S of spheres such that |S| = q
d
2 and N(S)=
q
d
2 |S|. Moreover, for any S′ ⊂ S, we have N(S′)= |S′|2.
Proof. Let u= (0, . . . ,0,1)∈ Fdq .
Case 1: Using Lemma 5.1, we obtain d−32 vectors in F
d−3
q × {(0,0,0)} which are mutually
orthogonal denoted by v1, . . . ,v d−3
2
. Set
C :=
{
(d−3)/2∑
i=1
t ivi+au : a ∈ Fq, t i ∈ Fq
}
.
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For each point c =
∑(d−3)/2
i=1 t ivi + au in C, let S(c) be the sphere centered at c of radius
a. Let S be the set of spheres S(c) with c ∈ C. We have |S| = q
d−1
2 . One can check that
for any two points c1 :=
∑(d−3)/2
i=1 t ivi + au and c2 :=
∑(d−3)/2
i=1 t
′
i
vi + a
′u in C, the distance
between them is ∥∥∥∥∥
(
(d−3)/2∑
i=1
t ivi+au
)
−
(
(d−3)/2∑
i=1
t′ivi+
′ au
)∥∥∥∥∥= (a−a′)2,
which implies that S(c1) and S(c2) are in contact. In other words, N(S)= |S|2 = |S|q
d−1
2 .
Case 2 This case can be proved by using the same argument with d−12 instead of
d−3
2
mutually orthogonal vectors in Fd−1q × {0}.
Case 3: We consider two following sub-cases:
If d = 4k for some k ∈ N, then we will have d/2 mutually orthogonal vectors denoted by
v1, . . . ,vd/2 by Lemma 5.1. Define
C :=
{
d/2∑
i=1
t ivi : t i ∈ Fq
}
.
Let S be the set of spheres centered at points in C of radius 0. Then, one can check that
N(S)= |S|2 = q
d
2 |S|.
If d = 4k+2 for some k ∈ N, then we can proceed as in the Case 1 with d−22 mutually
orthogonal vectors in Fd−2q × {(0,0)}. 
Construction 5.3. For any set of spheres in Fdq , denoted by S, let N(S) be the number of
pairs of contacting spheres in S.
(1) If d = 4k+3 for some k ∈ N and q ≡ 3 mod 4, then there exist sphere sets S in Fdq
such that |S| ≥ q
d+1
2 and N(S)∼ q−1|S|2.
(2) If d = 4k+3 for some k ∈ N and q ≡ 1 mod 4, or d = 4k+1 for some k ∈ N, then
there exist sphere sets S in Fdq such that |S| ≥ q
d+3
2 and N(S)∼ q−1|S|2.
(3) If d ≥ 2 is even, then there exist sphere sets S in Fdq such that |S| ≥ q
d+2
2 and N(S)∼
q−1|S|2.
Proof. Let c be a large positive constant. It has been shown in [8] that if d is even and
E is a set on the unit sphere Sd−1 in Fdq with |E| ≥ cq
d/2, then for any t ∈ Fq, the number
of pairs (x, y) ∈ E ×E such that ||x− y|| = t is ∼ q−1|E|2. In odd dimensions, the same
conclusion holds under the condition |E| ≥ cq
d+1
2 .
Case 1: Let E be a set of points on the unit sphere Sd−2 in one lower dimensional space
F
d−1
q with |E| ≥ cq
d−1
2 . Since d−1 is even, for any square t ∈ Fq, the number of pairs in E
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of distance t is ∼ q−1|E|2. Let S be the set of oriented spheres centered at points in E of
radii in Fq. Then we have |S| ≥ cq
d+1
2 . One can check that each pair of square distance
in E will contribute 2q pairs of contacting spheres to N(S). So the number of pairs of
contacting spheres is ∼ q+12 ·
|E|2
q
·2q∼ q|E|2 ∼ q−1|S|2.
Cases 2 and 3: These cases are similar to the Case 1. The only difference is that we
consider sets on the unit sphere Sd−1 in the same space Fdq . 
The next construction in this section is on the sharpness of Theorem 1.9.
Construction 5.4. There exist point sets P and oriented sphere sets S in Fdq with |P| =
|S| =N ∼ q
d+1
2 such that I(P,S)∼N2q−1+ q
d−1
2 N.
Proof. The first example is quite easy to construct. Let P be an arbitrary set in Fdq with
|P| = 4q
d+1
2 . Iosevich and Rudnev [13] proved that the number of pairs in P of distance
one is at least (1/2)q−1N2. Thus, one can set S being the set of spheres centered at points
in P of radius one. Then it is clear that I(P,S) is at least (1/2)q−1N2.
In the first example, S is a set of spheres with the same radius, we now show that there
are also sphere sets with arbitrary radii satisfying the desired property. Indeed, let E
be a set of points on the unit sphere Sd−2 in one lower dimensional vector space Fd−1q
with |E| = cq
d−1
2 for some large positive constant c. Define P := E×Fq, and let S be the
set of spheres centered at points in E × {0} of square radii in Fq. One can check that
|P|, |S| ∼N = q
d+1
2 .
For any t ∈ Fq, it is known from [8] that the number of pairs (x, y) ∈ E ×E such that
||x− y|| = t is at least (1/2)q−1|E|2. For each of such pairs, denoted by (x0, y0), it will
contribute around q incidences to I(P,S). Indeed, since the equation x2 − r2 = −t has
around q solutions (x, r) ∈ F2q, and each solution is corresponding to an incidence between
the sphere centered at (y0,0) of radius r2 and the point (x0, x). In other words, taking the
sum over all t, we have I(P,S)∼ |E|2q= c2qd ∼ q−1N2+ q
d−1
2 N. This ends the proof. 
APPENDIX
5.1. Proof of Theorem 1.3. Suppose two spheres S(a1, . . . ,ad, r1) and S(b1, . . . ,bd, r2)
are contacting, then we have
(a1−b1)
2
+·· ·+ (ad−bd)
2
= (r1− r2)
2.
This is equivalent with
−2a1b1−·· ·−2adbd+2r1r2+ (a
2
1+·· ·+a
2
d)+ (b
2
1+·· ·+b
2
d)− r
2
1− r
2
2 = 0
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Define
U :=
{
(−2a1, . . . ,−2ad,2r1,−a
2
1−·· ·−a
2
d+ r
2
1) : S(a1, . . . ,ad, r1) ∈ S
}
⊂ F
d+2
q ,
and
W :=
{
(b1, . . . ,bd, r2,−b
2
1−·· ·−b
2
d+ r
2
2) : S(b1, . . . ,bd, r2) ∈ S
}
⊂ F
d+2
q .
Let T(U ,W) be the number of pairs (u,w)∈U×W such that
u1w1+·· ·+ud+1wd+1 = ud+2+wd+2.
One can check that N(S)=T(U ,W). Lemma 2.1 in [1] or Lemma 8.1 in [15] tells us that∣∣∣∣T(U ,W)− |U ||W |q
∣∣∣∣≤ q d+12 |U |1/2|W |1/2,
and the theorem follows. ä
5.2. Proof of a sum-product estimate (1.6). We consider the following equation
(5.1) (x1− y1)
2
+ (x2− y2)
2
= x3− y3
where x1, x2 ∈ A+A, y1, y2 ∈ A, y3 ∈ A
2, x3 ∈ A
2+A2+A2. LetM" be the number of solutions
of this equation. It is clear that M"≫ |A|5 since any tuple with (x1, y1, x2, y2, x3, y3) =
(a1+ b1,b1,a2+ b2,b2,a21+a
2
2+ t, t) for a1,b1,a2,b2 ∈ A, t ∈ A
2 satisfies the equation (5.1)
and |A| ∼ |A2|.
We assume at the moment that
(5.2) M"≪
|A+A|2|A|3|A2+A2+A2|
q
+ q|A+A||A|3/2|A2+A2+A2|1/2.
Using the lower bound M"≫|A|5, we achieve
max{|A+A|, |A2+A2+A2|}≫
|A|7/3
q2/3
,
under the condition |A| ≤ q3/5. We now need to prove the inequality (5.2). Let P3 be the
paraboloid in F3q which is defined by
P3 := {x= (x1, x2, x3) ∈ F
3
q : x3 = x
2
1+ x
2
2}.
Let E = (A+A)×(A+A)×(A2+A2+A2) and F = A×A×A2. Notice thatM" is the number
of pairs (x, y) ∈E×F such that x− y is contained in the paraboloid P3. In other words, we
have
M"=
∑
x∈E,y∈F
P3(x− y).
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Applying the Fourier inversion theorem to the function P3(x− y) and using the definition
of the Fourier transform, we have
M"= q6
∑
m∈F3q
P̂3(m)Ê(m)F̂(m)
≤ q6P̂3(0)Ê(0)F̂(0)+ q
6
(
max
m 6=(0,0,0)
|P̂3(m)|
) ∑
m 6=(0,0,0)
|Ê(m)||F̂(m)|
≤ q−1|E||F|+ q6
(
max
m 6=(0,0,0)
|P̂3(m)|
) ∑
m∈F3q
|Ê(m)||F̂(m)|.
By the Cauchy-Schwarz inequality and the Plancherel theorem,∑
m∈F3q
|Ê(m)||F̂(m)| ≤ q−3|E|1/2|F|1/2.
Moreover, it is well known in [19, 10] that |P̂3(m)| ≤ q−2 for all m 6= (0,0,0).Hence,
M"≤ q−1|E||F|+ q|E|1/2|F|1/2.
Since |E| = |A+ A|2|A2+ A2+ A2| and |F| = |A|2|A2| ∼ |A|3, the inequality (5.2) holds, as
required. ä
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